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Abstract. A comparison between two of the so-called universal equations of state for solids
is made. It is shown that although the Vinet equation and the Prieto-Renero equation are
obtained on very different bases, their general form is very similar. Furthermore, the
coefficients of the temperature dependent terms in the two equations are identical. This
leads to a new relationship between the isothermal bulk modulus and other measurable
parameters of the material. Numerical results obtained using both equations are shown to
be in good agreement with some reported experimental data for gold, and for sodium
chloride. The meaning of universality is different from one equation to the other; however,
both of these meanings have been already accepted and used in relation to the scope of
validity of equations of state. Itis concluded that the use of one or the other equation depends
more on the availability of the physical parameters needed than on the reliability of the
equation itself.

1. Introduction

Some years ago, the present authors reported a universal equation of state for solids [1],
later extended to liquids and gases [2]. More recently Vinet et al [3, 4] have also
established a universal equation of state for solids. Although the titles and the intention
of these papers are rather similar, the equations themselves are quite different. A
comparison between these two equations is reported in this paper. The comparison is
made considering the following aspects: basic assumptions, information needed to use
the equations, general form of both equations, numerical results obtained for some
materials, comparison with the corresponding experimental data for these materials,
and meaning given to the concept of universality.

2. The Vinet et al equation

From their studies of solid state energetics Rose et al suggested, some years ago, the
existence of a universal relationship between metallic binding energies and lattice
parameters [5]. Then, through a series of papers [6-8] they derived a universal form of
the relation between pressure and volume for metals on the cold isotherm, which was
generalised, in collaboration with Vinet, to obtain the analytical form for an equation
of state of solids [3, 4]. It is to be noted that although their universal forms for binding
or total energies were expressed in terms of microscopic quantities and scaled
parameters, the final form of their P-V-T equation of state contains only the usual

0953-8984/90/020295 + 06 $03.50 © 1990 IOP Publishing Ltd 295



296 C Renero et al

thermodynamical quantities and no scaled variables; it is obtained through the use of
the thermodynamical relation

9F(T, V)> - _YED) Ly "~

AL.Y) = _< oV av
where F(T, V) is the Helmholtz free energy and P*(7, V) is the thermal pressure.
They then justify the assumption that P*(7, V) is independent of volume and linearly
dependent on temperature for temperatures larger than the Debye temperature 6p.
This assumption leads to a universal form of an equation of state

P(T, V)= P(Tr, V) + ao(Tr)Bo(Tr (T — Tk) (2)
and its analytic approximation, the Vinet et al equation

P(T, X) = (3Bo(Tr)/X*)(1 — X) exp[no(Tr)(1 — X)]
+ @ (TR)Bo(Tr )T — Tr) (3)

where a(TR) and By(TR) are the values at a reference temperature Ty of the thermal
expansion coefficient, and the isothermal bulk modulus at zero pressure, respectively.
The functions X and 7, are defined by

X = (V/Vy(T)? 1o(T) = #((3B/aP)o(T) — 1). (4)

For temperatures larger than 6p, and in the absence of phase transitions, equation (2)
is a universal equation of state for solids. Here universality is to be understood in the
same way as when the equation PV = nRT is referred to as the universal equation of
state for gases. That is, for each solid there is an equation of the form of equation (2),
with different values of the coefficients for each material, but the equation being always
of the same form.

3. The Prieto—Renero equation

Based on a different meaning of universality, the equation of state we have proposed
[1] is system-independent, and so, expressed in dimensionless variables. A law of
corresponding states [9] enables one to obtain scaling factors for pressure, volume and
temperature. The corresponding reduced variables are defined by

p=P/P, x=b(1-V/Vy) t=abT (5)

where P, = pya®/b, a and b being the coefficients of the linear relationship between the
shock (U;), and particle (U,) velocities, U = a + bU,, and p, is the initial density.
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The semi-empirical equation of state is obtained from the combination of the Ran-
kine-Hugoniot energy conservation equation and the first of the 7°d S equation and the
linear relationship. In order to simplify the notation, let

r=(dp/ar), m=r/Cy, (6)

Cy, being the reduced specific heat at constant volume defined as Cy, = Cyb/aa*. The
equation of state is then expressed as [1]

p(x,1) = F(m,x) + G(m, x) + r(t = t,e™) )
where the auxiliary volume dependent functions F and G are defined by

2-m  2+mm—-4) m

Hmo =iy ™ 2a-n 207" ®)

G(m,x) = %(4;71 - m? — 2)e ™ -IEi(m, x) 9)
with

Ei(m, x) = Ei(m) — Ei[m(1 — x)] (10)

the function Ei(y) being the exponential integral of negative argument [10].

This universal equation is dimensionless and system-independent, the characteristics
of each material being introduced through the scaling factors. The universality is to be
understood here in the same way as it is, for instance, in the case of the Van der Waals
equation when expressed in reduced variables; that is, a unique equation is valid for
all materials. A final comment on equation (7) is perhaps worthwhile. The initial
temperature g, is usually the laboratory temperature at which the shock compression
experiments to determine the parameters a and b are performed. It plays, to a certain
extent, a role similar to the reference temperature of equation (3).

4, Comparison between the two equations

Looking at the two equations of state under consideration, it can be seen that they are
of the same general form, in the sense that both have a volume dependent part, P(Tg, V)
of equation (2), and F(m, x) + G(m, x) of equation (7), and they have also an explicitly
temperature dependent term, ao(7x)By(Tr)(T — Tr) of equation (2), and r(t — t,e™)
of equation (7). To go on with the comparison, it is convenient to express both equations
in the same language. We will then reduce equation (2) using the scaling factors defined
by equation (5), to obtain a dimensionless Vinet et a/ equation in the form

P =Py + (Bor/b)(t — tg) (11)

where By stands for the reduced isothermal bulk modulus, always at the reference
temperature defined by Vinet et al. Now, the initial reduced temperature ¢, of equation
(7) can be considered as playing the same role as the reference temperature tz of equation
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Figure 1. Plot of the universal 1000 K isotherm from (7) (full curve) together with points
predicted by (3) for gold (X) and experimental points reported by Heinz and Jeanloz (O)
[14].

(11); then, we can identify the coefficients of both temperature dependent terms in
equations (7) and (11), so

BOR/b =r (12)
and consequently
B, = pya’r. (13)

Upon substitution in this equation of the thermodynamical definition of the coef-
ficient of thermal expansion «, and of the parameter r, we get

2
poa aP) <8P>
B, = —] ==-Vyl—= 14
0 Pcab<aT v Volov r (14)

which means that equation (13) is in fact a thermodynamical identity. It represents then
a different way of expressing the isothermal bulk modulus, or alternatively, another
definition of the parameter r.

We have already pointed out that the value of the parameter r should be very near
unity [1]. The same result can be obtained as a consequence of equation (13) recalling
that the adiabatic bulk modulus B can be expressed as Bg = poc? in terms of the sound
velocity ¢ in the material. Since B7/Bg =1 within 1% [11], and a/c = 1 [12], it follows
thatr = 1.

So, the two equations have then not only the same general form, but the same
coefficient of the temperature dependent pressure term.

Let us now compare the equations from the point of view of the numerical results
predicted. Since the comparison of the Prieto—Renero equation against experimental
results, for many different solids, has already been made [13], we shall limit our attention
to the same solids used by Vinet et al. These solids fulfil the conditions of validity of the
Vinet et al equation, and the given numerical values of constants at the reference
temperature are already given.

Figure 1 shows a plot of points predicted by equation (3) for the 1000 K isotherm of
gold, together with the universal 1000 K isotherm calculated using equation (9), as well
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Figure 2. Plot of the 773 K universal isotherm of (7) (full curve) and the values for sodium
chloride (%) calculated from (3), together with experimental data reported by Decker (O)
[15].

as the experimental points reported by Heinz and Jeanloz [14]. Figure 2 shows the 773 K
universal isotherm of equation (9), the corresponding values computed using equation
(3) for sodium chloride, and the experimetal values reported by Decker [15]. In order
to compare with the universal isotherms, all data have been reduced using the scaling
factors defined by equations (5). In both cases, gold and sodium chloride, the agreement
with the experimental data is good, being perhaps slightly better in the case of the
universal isotherm of equation (9), in particular at high compressions. This is not
surprising because this equation has been established for shock compressed materials.

5. Conclusions

Itisinteresting to remark that although the two equations were obtained in very different
ways, they both have the same general form, a combination of a volume dependent term
and a temperature dependent term; that is, the so-called elastic component of pressure,
independent of temperature, and the thermal component. Numerical results obtained
with both equations are in good agreement with the experimental data and so they are
both reliable in predicting the thermodynamical behaviour of solids. The meaning of
universality is different from one equation to the other, but the two different meanings
given to the term universality have been already used and accepted in characterising the
scope of application of a given equation of state. It is then clear that the choice of one
or the other equation must rely on other kind of criteria, for example, the availability of
the physical parameters involved, or the kind of information one is looking for, either
specific for one material, or general for many materials.
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